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The  purpose  of  this  report  is  to  present  a  detailed  derivation  of  the  Japanese 
formula  to  design  an  offset  dual  reflector  antenna  system  with  a  rotationally  sym¬ 
metric  aperture  distribution.  Such  a  derivation  has  not  appeared  in  an  English 
language  publication.  The  derivation  given  here  amplifies  at  some  length  a 
personal  communication  of  Mizugutch.  In  addition,  we  derive  an  expression  for 
the  aperture  power  distribution  not  given  in  the  Japanese  papers. 

2.  ANALYSIS 

We  consider  a  dual  reflector  system  as  shown  in  Figures  1A  and  IB.  The 
main  reflector  is  an  offset  section  of  a  paraboloid  with  focal  length  f.  The  sub¬ 
reflector  is  a  section  of  either  an  ellipsoid  (Gregorian  system)  or  a  hyperboloid 
(Cassegrainian  system)  with  eccentricity  e  and  interfocal  distance  2c.  The  focal 
point  Fq  of  the  main  reflector  is  also  one  of  the  foci  of  the  parent  subreflector 
surface,  and  the  feed  phase  center  is  located  at  the  other  subreflector  focal  point, 

Fl- 

Several  coordinate  systems  are  employed  during  the  course  of  the  analysis 
(see  Figure  2).  An  x,  y,  z-system  is  established  with  origin  at  F  ,  z-axis  along 
the  axis  of  the  parent  paraboloid  in  the  plane  of  the  paper  and  directed  outward 
from  the  reflector,  y-axis  in  the  plane  of  the  paper  and  directed  downwards,  and 
x-axis  directed  out  from  the  plane  of  the  paper.  The  feed  pattern  is  described 
with  reference  to  the  spherical  coordinates  0Q,  <pQ,  related  in  the  usual  way  to 
the  Cartesian  xQ,yo,  zQ-system  with  origin  Fj,  zQ-axis  directed  from  Fj  along  the 
axis  of  the  feed  in  the  plane  of  the  paper,  and  xQ-axis  parallel  to  the  x-axis.  Also 
used  is  an  x^,  y^,  Zj-system  with  origin  at  F^,  z^-axis  directed  along  the  subreflector 
axis  in  the  plane  of  the  paper,  and  Xj-axis  parallel  to  the  x-axis;  and  an  x'.y'.z'- 
system  which  is  simply  the  x,  y,  z-system  translated  to  the  origin  F^. 

The  entire  dual  reflector  system  is  assumed  to  be  symmetric  with  respect 
to  the  x,  y-plane.  The  orientation  of  the  subreflector  axis  with  respect  to  that  of 
the  main  reflector  is  specified  by  the  angle  0  through  which  the  subreflector  axis 
must  be  rotated  around  FQ  to  coincide  with  the  z-axis.  Counterclockwise  rotation 
is  taken  to  be  positive.  The  orientation  of  the  feed  axis  with  respect  to  the  subre- 
flector  axis  is  specified  by  the  angle  a  through  which  the  subreflector  axis  must  be 
rotated  around  to  coincide  with  the  feed  axis.  Positive  a  is  associated  with  a 
counterclockwise  rotation  direction. 

The  analysis  employs  geometric  optics  throughout.  In  the  following,  we  will 
first  trace  through  the  dual  reflector  system  a  ray  emanating  from  the  feed  phase 
center  at  Fj  in  the  direction  specified  by  9Q  and  4>Q,  and  express  the  image  point 
P  of  the  ray  on  the  main  reflector  aperture  as  a  function  of  0Q,  0Q,  and  the 


PARABOLOID 


Figure  1A.  Cassegrainian  Reflector  System  Geometry 


system  parameters  e,  f,  a,  and  /3 .  We  will  then  show  that  if  the  angles  a  and  /?, 
and  the  subreflector  eccentricity,  e,  satisfy  a  certain  condition  (Eq.  24),  then  the 
images  of  the  cones  of  rays,  0  -  constant,  are  concentric  circles  on  the  para¬ 

boloid  aperture  with  center  the  image  of  the  feed  axis.  Furthermore,  we  will  show 
that  if  the  feed  pattern  is  rotationally  symmetric  (that  is,  dependent  only  on  6Q), 
then  the  paraboloid  aperture  power  distribution  is  likewise  rotationally  symmetric. 

Accordingly,  we  begin  with  a  ray  emanating  from  the  feed  phase  center  at 
Fj  in  the  direction  specified  by  the  angle  0Q  between  the  feed  axis  (zQ-axis)  and  the 
ray,  and  by  the  angle  <f>Q  between  the  xQ-axis  and  the  projection  of  the  ray  on  the 
xq,  y  -plane.  Let  Q  be  the  point  of  intersection  of  this  ray  with  the  subreflector 
surface.  Then,  in  the  x  ,  y  ,  z  -system,  the  coordinates  of  Q  are  given  by 


I 

i 
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■*-  ^  *v~  -w’  -v."  -  ».  v"  •  •  v'..,‘ 


xoQ  =  rlQ  sin  i6o)  cos  ^o* 

(la) 

yoQ=  rlQ  sin  «0)  Sin  (*o> 

(lb) 

zoQ  =  rlQ  cos  ^ 

(lc) 

The  distance  from  to  Q,  which,  instead  of  rQQ,  we  have  denoted  r^Q  referring 
to  the  Xj,  yj,  Zj-system,  is  given  by  the  polar  form4  for  either  the  hyperboloid  or 
the  ellipsoid. 


.  (c/e)(l  -  e2) 
IQ  1  -  e  cos  (^jq) 


(2) 


4.  Beyer,  W.H. ,  Ed.  (1978)  CRC  Standard  Mathematical  Tables.  25th  Edition, 
CRC  Press,  Inc.,  West  Palm  Beach,  Fla. 
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[ftii; 


tOOl 


y’q  =  y0q cos(y)  +  zoQsin(y> 

z'q  =  zoQ  cos(y)  •  y0Q  sin(y) 

and  then  use  the  fact  that  the  x,  y,  z-  and  x',  y',  z' 
simple  translation  to  obtain 

-systems  are  related  by  a 

XQ  =  XQ 

yQ  =  y  Q  +  2°  sin<^) 

Zq  =  z'q  -  2c  cos(/J) 

It  follows  that 

XQ  =  xoQ 

(4a) 

yQ  =  yoQ  cos<y)  +  Z0Q  sin<y>  +  2c  sin<£> 

(4b) 

Zq  -  zoQ  cos(y)  -  yoQ  sin (y)  -  2c  cos(£> 

(4c) 

If  we  let  Tq,  G  q,  ^q  be  the  coordinates  of  Q  in  the  spherical  polar  coordinate 
system  based  on  the  x,  y,  z-system,  then 

XQ  =  rQ  sin  COS<  ^Q> 

yQ  =  rQ  sin  <«Q>  sin( q) 

Zq  =  rQ  cos(0Q> 

or 

sin  <  0  Q)  cos(^q)  =  Xq/tq 

(5a) 

sin  ( ^Q)  sin(0Q)  *  yQ/rQ 

(5b) 

cos  ( 0 n)  =  zn /rn 

(5c) 

I  The  distance,  tq,  from  FQ  to  Q  is  related  to  the  distance,  r^,  from  to  Q  by 

the  equation 

rlQ  "  rQ  =  2c/«  (6) 

I  for  the  hyperboloid,  and  by  the  equation 

rlQ  +  rQ  =  2c/e  (7) 

for  the  ellipsoid.  The  distance  2c/e  is  the  length  of  the  transverse  axis  of  the 
I  hyperboloid  or  the  length  of  the  major  axis  of  the  ellipsoid. 

Now,  let  rp  0  p,  <t>p  be  the  coordinates  of  P,  the  image  on  the  main 
reflector  of  the  point  Q  on  the  subreflector,  in  the  spherical  polar  coordinate 
system  based  on  the  x,  y,  z-system.  Then 

Xp  =  rp  sin(0p)  cos(0p) 

yp  =  rp  sin(0p)  sin(0p) 

Zp  =  (xp  +  yp)  /  4f  -  f 

For  the  hyperboloid 


0p  ■ e 

<t>p  ■  <t>, 


so  that 


xp  =  rp  sin  (0q)  cos  (^q) 


(8< 


yp  =  rp  sin  {$q)  sin  (<*>q) 


(81 


with  rp  given  by  the  polar  form  of  the  paraboloid. 


For  the  ellipsoid,  the  ray  passes  through  the  focal  point  Fq  so  that 


=  If  “  0Q 

*  *r  +  0Q 


and 

xp  =  -rp  sin(0Q>  cos(0q) 


(10a) 


yp  =  -rp  sin(#Q>  sin(0Q» 

with 


rP  = 


2f 

1  +  COS<0q) 


(10b) 


(11) 


With  Eqs.  (8)  and  (9)  for  the  hyperboloid  case  [or  Eqs.  (10)  and  (11)  for  the 
ellipsoid  case]  along  with  Eq.  (5),  Eq.  (6)  or  Eq.  (7),  and  Eqs.  (4),  (1),  (2), 
and  (3),  we  have  thus  expressed  the  image  on  the  main  reflector  aperture  of  a 
ray  emanating  from  the  feed  phase  center  in  terms  of  the  parameters  c,  e,  and  f, 
and  trigonometric  functions  of  the  angles  O,  /?,  $  Q,  and  0Q.  Substituting  and 
performing  some  algebraic  and  trigonometric  manipulation  then  leads  to  the 
following  equations  for  xp  and  yp  for  either  the  Cassegrainian  or  the  Gregorian 
system: 


x 


P 


-2f 


E  cos  (0O) 
A  +  B  sin  (0O) 


(12a) 


C  +  D  sin  (0  ) 

y  m  _2f  "  - - 

p  A  +  B  sin  (0O) 


(12b) 


where 


A  =  Uj  +  u2  cos  ( SQ) 
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mm 


PS 


E3 : 


-V-T 


h  ■■  Ml 

l  ♦ 


.VAV-'A 
V*  •  V' 


B  =  Ug  sin(  6Q) 


C  =  u4  +  Ug  COS(0Q) 


D  =  u6  sin(  $Q) 


E  =  (1  -  e  )  sln{  $Q) 


•  %  •  .  v 

- » i  *  •  • 

•  •>  *  A  “ 

’ 


Uj  =  cos(a-/?)  +  e2  cos  (a  +  /?)  -  2e  cos(a) 
Ug  =  1  +e2  -  2e  coa(0) 


u~  =  2e  sin(Cf)  -  e2  sin(a  +  0  )  -  sin(a  -  0  ) 


=  sin(  a  -  0  )  -  e2  sin(  Ct  +  0 ) 
u5  =  2e  ain(0  ) 

o 

u_  =  cos(a  -  0)  -e  cos(a  +  /}) 


Note  that  the  interfocal  distance,  2c,  of  the  parent  subreflector  surface  does  not 
appear  in  this  result.  Thus,  the  image  point  on  the  paraboloid  aperture  depends 
only  on  the  subreflector  eccentricity,  e;  the  paraboloid  focal  length,  f;  the 
angles,  a  and  0 ,  specifying  the  relative  orientations  of  the  axes  of  the  feed, 
subreflector,  and  main  reflector;  and  the  ray  direction.  The  dependence  on  the 
paraboloid  focal  length  is  that  of  a  scale  factor  only. 

We  next  show  that  the  image  on  the  paraboloid  aperture  of  the  circular  cone 
of  rays,  6  -  constant,  is  a  circle.  For  squaring  Eq.  (12a) 

O  I 


x2  [A  +  B  sin($0>]2  =  4f2E2  [1  -  sin 2(0Q)]! 


v, 

•‘.V-V 


•  M  m •  ■  ■  > 

;-v*> 


while  from  Eq.  (12b) 


sin(  4>q) 


Ayp  +  2fC 
Byp  +  2fD 


•  *1 

aV.'V 


Substituting  Eq.  (15)  in  Eq.  (14)  and  completing  the  square,  we  obtain 


(AD  -  BC) 
E2(A2  -  B2 


C,  C,  i 

-  XP  +  + 


AC  -  BD 
A2  -  B2 


(AD-BCr 


In  Appendix  A,  it  is  shown  that  the  following  relations  hold  among  the  {  } 

defined  in  Eq.  (13): 


2  2  2 
ul  +u3  =  u2 


ulu4  +  u^6 


ulu6  "  U3U4  =  (1  -  e  )u2 


U2U6  ‘  U3U5  =  (1  ~  e  >ux 


Using  Eqs.  (17c)  and  (17d),  it  is  then  straightforward  to  show  that 

AD  -  BC  =  (1  -  e2)  sin(#o)  [u^  +  u2  cos(0Q)];  (1 

by  using  Eq.  (17a),  that 

A2  -  B2  =  (Uj  +  u2  cos(flQ)]2;  (1! 

and  by  using  Eq.  (17b),  that 

AC  -  BD  =  [uj  +  u2  cos  (0Q)]  [u4  +  u5  cos(  0O5].  (2 

Substituting  Eqs.  (18),  (19),  and  (20)  in  Eq,  (16),  we  obtain  the  equation  of  the 
circle  with  center  at  (0,  yc)  and  radius  rc, 

2  ,  ,  ,2  2 

XP  +  (yP  -  yc)  '  rc 


where 


u4  +  U5  cos (0o) 

_  _2f - 

c  uj  +  U2  cos(80) 


2f(  1  -  e  )  sin(  B  Q) 
u^  +  u2  cos  (  6  Q) 


*. *  *  •  1  »  *  •  *■  y  •  •  *  •  *  *  •*••••*  1  “>*'•  »  *  »  ■  »*•  i"*  **•  w  •  •  •  ,  '  ' »  ‘ .  \  •  *  v  ■ 


It  will  be  noticed  from  Eq.  (21)  that  the  center  of  the  circle  is  a  function  of 
$o  so  that  the  circles  corresponding  to  different  values  of  &Q  are  not  in  general 
concentric.  However,  differentiating  Eq.  (21)  with  respect  to  0Q  and  equating 
the  derivative  to  zero  to  make  yc  independent  of  $Q  yields  the  equation 

UjUg  =  U2U4  (23) 


Substituting  from  Eq.  (13)  and  performing  some  manipulation  then  gives  the 
condition 


tan  (a) 


(1  -  e2)  sin <£) 

(1  +e"s)  cos(/3)  -  2e 


which  is  equivalent  to  the  equation 


(24) 


u3  =  0 


(25) 


or 


2e  sin(a)  -  e2  sin(a  +  fi)  -  sin(  a  -  fi  )  -  0 


(26) 


Eq.  (24)  is  the  central  result  of  this  report.  It  gives  the  relation  between 
the  angle  a  (between  the  subreflector  axis  and  the  feed  axis),  the  angle  fi 
(between  the  subreflector  axis  and  the  main  reflector  axis),  and  the  subreflector 
eccentricity,  e,  that  must  be  satisfied  for  the  images  of  circular  cones  of  rays 
from  the  feed  phase  center,  Q  Q  =  constant,  to  be  concentric  circles  on  the  main 
reflector  aperture. 

Before  proceeding  to  examine  the  transformation  of  power  from  the  feed 
pattern  to  the  main  reflector  aperture,  it  is  worth  noting  some  useful  implica¬ 
tions  of  Eq.  (24)  or  Eq.  (25).  As  shown  in  Appendix  B,  it  is  possible  to  express 
the  angle  fi  in  terms  of  e  and  the  angle  a  by  the  equation 


tan(/3) 


(1  -  e2)  sin(q  ) 

(1  +e2)  cos(a)  +2e 


(27) 


Eq.  (27)  is  equivalent  to  the  relation 

2e  sin(/?)  +  e2  sin(  a  +  fi)  -  sin(a  -  )  -  0  (28) 

Using  Eqs.  (26)  and  (28),  it  is  then  simple  to  derive  the  formula  (see  Appendix  C) 


15 


/.vv'/'v./v/-. 


r 


tan( a  12)  =  - - 

1  -  e 


tan( p 12) 


obtained  by  Dragone  by  a  different  method.  Conversely,  Eqs.  (26)  and  (28)  can 
be  derived  by  a  single  geometric  argument  starting  with  Dragone's  method  for 
determining  the  feed  axis  (see  Appendix  O). 

Substituting  Eq.  (25)  in  Eq.  (17a)  gives 

N  =  u2 

(note  that  u2  is  always  positive),  whereupon  substituting  Eq.  (26)  in  Eq.  (23) 
gives 

M  =  u5 

(referring  to  Figure  1,  P  can  always  be  taken  to  be  positive  if  the  feed  is  not  to 
block  the  main  reflector,  so  that  Ug  is  positive).  Eq.  (23)  then  also  implies  that 
Uj  and  u4  have  the  same  sign.  The  possibility  that  u^  and  u^  are  both  negative 
can  be  excluded  by  observing  from  Eq.  (22)  that  then 

rc  =  4"  |l  -  e2|cot<0o/2)  (30) 

so  that  the  feed  pattern  is  inverted  with  the  image  of  the  central  ray  appearing 
at  infinity.  Hence,  Uj  and  u^  are  both  positive  and 


U1  =  u2 


u4  =  u5 

An  additional  equation  results  from  substituting  Eqs.  (25)  and  (31)  in  Eq.  (17c), 


u6  =  !  -  e 


2  2 
cos(  a  -  p  )  -  e  cos(  a+/?)=l-e 

The  expression,  Eq.  (21),  for  the  y-coordinate  of  the  center  of  the  circular 
image  on  the  main  reflector  aperture  of  the  circular  cone  of  rays  0Q  -  constant, 
reduces  to 


•v  .  -'.••'Xy-v  •y-y-y-'‘>!X'X‘XyX,s;>.:X*X‘Xy.'X  'v,\'yX%'Sy.*X 
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-4f  e  sin  (JJ) 


y„  s  -*f— ■ 
c  u2  1  +  e2  -  2e  cos  (0) 


independent  of  0Q,  while  Eq.  (22)  for  the  radius  of  the  image  circle  becomes 


r  -  »£  II  -  e2|  tan(*  /2>  =  ‘  «  I  tan(f)  /2) 


c  u, 


1  +  ez  -  2e  coe(0) 


(32) 


Eqs.  (12a)  and  (12b)  for  the  x-  and  y -coordinates  of  the  image  point  of  the  ray  in 
the  direction  0Q,  <f>Q  become 


xp  =  -2f 


(1 -e^)  sin(  0O)  cos(0Q) 
u,  [1  +  cos(<90)] 


-2f 


(1  -  e2) 


1  +  e*  -  2e  cos(0  ) 


tan(  0„/2)  cos(^  ) 


(33) 


and 


yP 


=  -2f 


u5  [1  +  cos(0Q)]  +  u6  sin(0Q)  sin(^Q) 
u2[l  +  cos{Sq)] 


-2f  u5  -  2f  (1:  e)  t»n(«0/2)  sin(^Q) 


=  V 
*  r 


_ e  — -  tan(0  /2)  sin(0  ) 

1  +  e2  -  2e  cos<0)  °  ° 


(34) 


Referring  to  Eqs.  (33),  (34),  and  (32),  we  can  also  write 
xp  =  ±  rc  cos (0Q) 

yP  =  yc  +  rc  sin(<i>o) 

where  the  plus  and  minus  sign  refers  to  the  Cassegrainian  and  Gregorian  system 
respectively.  This  means  that  for  the  Cassegrainian  system  the  angle  which 
defines  the  projection  of  a  ray  on  the  xo>  yQ-plane  of  the  feed  coordinate  system, 
equals  the  azimuth  angle  ^p  of  the  image  point  on  the  main  reflector  aperture 
in  the  spherical  coordinate  system  based  on  the  x,  y,  z-system,  while  for  the 
Gregorian  system,  4>q  -  <pp  ±  n  .  This  difference  between  the  Cassegrain¬ 
ian  and  Gregorian  system  is,  of  course,  attributable  to  the  fact  that  in  the  Casse 


17 


4 


grainian  Bystem,  the  rays  do  not  pass  through  the  focal  point  Fq,  while  for  the 
Gregorian  system,  they  do. 

Turning  now  to  the  distribution  of  power  in  the  paraboloid  aperture,  let 
G(0q,  4q)  be  the  distribution  of  power  on  a  unit  sphere  around  the  feed  phase  cen¬ 
ter.  The  power  radiated  through  an  element  of  area  on  the  unit  sphere  is  given  by 

G(«0*  *o>  •in<«0)d®od^o 

Letting  P(x,  y)  be  the  aperture  power  distribution,  we  then  have 
P(x,y)dxdy  *  G<  9Q,  <ftQ)  sin{fio)d0od0o 


with 


dxdy 


*o> 


dv*0 


so  that 


P(x.y) 


G(0O .  4>q)  sin(  flQ) 

dfrjuTi _ 

8(«o.  *o> 


From  Eqs,  (33)  and  (34), 


i  -  -f2 


1/2  aec2(0Q/2)  cos(^Q)  -  tan(0Q/2)  sin(^Q) 


1/2  sec2(0  /2)  sin(0J  tan(0  /2)  cos(^  ) 


■  -|-  tan(0Q/2)  sec2(0o/2) 


with 


F  ■ 


2f(l  -  e2)  _  2f(l  -  e2) 


u„  1  +  e2  -  2e  cos(/8) 


(3 


Z_  tan(0  /2)  aec2 (e  l 2) 
20  o 


^C(tf0.  *G>  (1  +  cos(0Q)l  2 


The  feed  pattern  is  thus  transformed  to  the  main  reflector  aperture  distribution  by 
multiplying  by  the  factor 


-^■[1  +  cos(Oo)]2 


which  is  independent  of  <t>Q.  Hence,  if  the  feed  pattern  is  rotationally  symmetric, 
then  so  is  the  main  reflector  aperture  power  distribution. 

It  is  worth  noting  that  Eq.  (36)  can  also  be  derived  from  the  relation 


P(xp.yp)  ■  G(0o,  *Q)  rQ 


rlQ  rP 

which  expresses  the  fact  that  the  power  density  decreases  as  a  diverging  spherical 
wave  from  Fj  to  Q,  increases  as  a  converging  spherical  wave  from  Q  to  Fq,  and 
decreases  again  as  a  diverging  spherical  wave  from  Fq  to  P.  (This  relation  ap¬ 
plies  equally  to  Cassegrainian  and  Gregorian  systems, )  To  show  this,  we  use 
Eqs.  (6)  or  (7),  (9)  or  (11),  and  (5c)  and  (4c)  to  give 


c[l  -e  cos  (/?)]  1  cos  (y)  cos  (0  )  -  sin  (Y)  sin  (0  )  sin  (A)  -  1 


The  coefficient  of  sin(0Q)  sin(^Q)  in  Eq.  (37)  is  equal  to 

1  —  [2e  sin(a)  -  sin(a  -  fi  )  -  e2  sin(  a  +  0  )]  =  2t(l^~e2) 

which  is  zero  because  of  Eq.  (25);  the  second  term  of  the  RHS  of  Eq.  (37)  equals 

1  -  2e  cos(ff)  +  e2  .  u2  . 

2f(  1  -  e*)  '  -  *2) 

while  the  coefficient  of  cos(0Q)  is  found  to  be 

o 

Q  )  -  2e  cos(a)  +  e  cos(  at  +  0  )  m 


cos  (a  - 


“1 


u2 


Although  polarization  will  not  be  oonaidered  in  detail  here,  it  is  important 
to  note  that  the  condition,  Eq.  (24),  which  guarantees  that  the  Images  of 
circular  cones  of  rays  around  the  feed  axis  are  concentric  circles  on  the  main 
reflector  aperture  and  that  a  rotationally  symmetric  feed  pattern  produces  a 
rotationally  symmetric  aperture  pow  er  distribution,  also  guarantees  that  a  feed 
with  no  cross  polarization  gives  rise  to  an  aperture  field  with  no  cross  polari¬ 
zation.  Cross  polarization  here  is  defined  as  in  the  third  definition  of  Ludwig. 5 
For  a  transmitted  field  polarized  in  the  xQ  direction  at  $Q  =  0,  this  definition 
implies  that  the  and  components  of  the  transmitted  electric  field  satisfy 
the  equation 

Eg  •in<*o)  "  ‘  C08<*0> 

o  ^  o 

while  for  a  transmitted  field  polarization  in  the  yQ-directlon, 

E  a  cos(0  )  =  E^  sin(0  ) 
o  ^  o 

The  field  of  a  Huygens  source — that  is,  a  combination  of  crossed  electric  and 
magnetic  dipoles  of  equal  strength — satisfies  these  equations.  If  Eq.  (24)  is 
satisfied,  an  xQ-polarized  transmitted  field  gives  rise  to  a  paraboloid  aperture 

field  with  E„  *  0,  and  a  y  -polarized  field  to  an  aperture  field  with  E„  =  0. 

y  °  2  3  x 

These  results  are  theoretically  established  '  and  can  be  readily  verified  by 

computer  calculation  using  the  equation 

Frefl  =  2  '  *inc>  ‘  *inc  <38> 

to  handle  the  reflections  at  the  subreflector  and  main  reflector.  In  Eq.  (38), 
Einc  and  Erefl  are  the  incident  and  reflected  electric  field  vectors  respectively, 
and  n  is  the  unit  normal  to  the  surface  directed  into  the  space  from  which  the 
field  is  incident. 


5.  Ludwig,  A.C.  (1973)  The  definition  of  cross  polarization,  IEEE  Trans. 
Antenna  Propag. ,  AP-21;116-119. 
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Appendix  A 


Proof  of  Four  Identities 

In  Appendix  A,  we  prove  four  identities  used  in  the  main  body  of  the  report. 
Let  u^  i  ■  1,  6  be  defined  as  in  Eq.  (13)  by 


Uj  *  cos  la  -0)  +  e2  cos  la  +  0)  -  2e  cos  (a) 
2 

u2  ■  1  +  e  -  2e  cos  10) 

u3  *  2e  sin  la)  -  e2  sin  la  +  /?)  -  sin  la  -  0) 

u4  ■  sin  la  -  0)  -  e2  sin  la  +0 ) 


(Ala] 

(Alb] 

(Ale) 

(Aid] 


u5  *  2e  sin  03) 


ue  *  cos  la  -  0)  -  e c  cos  la  +  0) 


(Ale] 

(A  If) 


Then  we  will  prove  here  that 


ul2  *  u32  "  u22 


(A2] 
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ulu4  +  U3U6  "  U2U5 


ulu6  '  U3U4  "  (1  -  e  )  u2 


U2U6  '  U3U5  "  <1  "  e  >  Uj 


To  prove  Eq.  (A2),  substituting  from  Eq.  (Al)  in  the  LHS  and  using  the  rela¬ 
tion  for  the  cosine  of  the  difference  of  angles  gives 

u^2  +  u^2  =  l  +  e**+4e2  +  2e2  cos  [{at  -  0)  -  {ct+ 0)]  -4e  cos  [a  -  (a  -  0)\ 

-  4e3  cos  [a  -  (a  +  )8)] 

2 

=  (1  +  e2)  +  2e2  [1  +  cos  (2)3)]  -  4e  cos  (0){1  +  e2) 


(1  +  e2)  +  4e2  cos2(/?)  -  4e  cos  (y3)<  1  +  e2) 


[(1  +  e2)  -  2e  cos  (£)]  2 


To  prove  Eq.  (A3),  substituting  from  Eq.  (Al)  in  the  LHS  and  using  the  relation 
for  the  sine  of  the  difference  of  two  angles,  we  obtain 


UjU4  +  u3Ug  *  2e2  [sin  (a  -  0)  cos  (a  +0)  -  sin  (oe  +/?)  cos  (a  -/?)] 


+  2e  sin  [a  -  (a  -/?)]  +  2e3  sin  [(a  +  £)  -oe] 


2e2  sin  [(a  -/? )  -  (a  +  /? )]  +  2e  sin  (/?)(!  +  e2) 


*  -4e2  sin  (0)  cos  (0)  +  2e  sin  (0)(\  +  e2) 


=  [l  +  e2  -  2e  cos  ( 0)~\  2e  sin  (0) 


*  u0ue 


To  prove  Eq.  (A4),  substituting  in  the  LHS  and  using  the  relation  for  the  co¬ 
sine  of  the  difference  of  two  angles, 

UjUg  -  u3u4  *  1  -  e4  -  2e  cos  [«  -  (a  - p )]  +  2e3  cos  [a  -  («->?)] 

=  1  -  e4  -  2e  cos  (0)(1  -  e2) 


(1  -  e2)  [1  +  e2  -  2e  cos  (£)] 


=  (1  -  e)  u2 

Finally,  to  prove  Eq.  (A 5),  substituting  from  Eq.  (Al)  in  the  LHS  and  using 
the  relations  for  the  cosine  of  the  sum  and  the  difference  of  two  angles  gives 

A 

u2Ug  -  u.Uc  •  cos  (a  -  p)  +  e  [cos  (a  -  p )  -  cos  (a  +  p )] 


-  2e  cos  [/9  +  (a  '/?)]  -  e4  cos  (of  +  P ) 


+  2e3  cos  [  p  -  (a  +  /?)]  -  4e2  sin  (a)  sin  (P) 


=  cos  (a  -  P)  +  e  cos  (a  +  P)  -  2e  cos  (Of) 


-  e2  cos  (a  -  p)  -  e4  cos  (a  +P)  +  2e3  cos  (a) 


=  (1  -  e2)  [cos  (a  -  P)  +  e2  cos  (a  +P)  -  2e  cos  (a)] 


(1  -  e  j  u, 


Appendix  B 

Inversion  of  Eq.  (24) 

In  Appendix  B,  we  show  that  Eq.  (24).  or.  equivalently,  Eq.  (26)  can  be 
used  to  obtain  the  angle  P  in  terms  of  Ct  and  e.  Substituting  cos  (/?)  * 

[l  -  sin2  (/J)]1^2  in  Eq.  (26)  gives  a  quadratic  equation  for  sin  (fi)  with  the  solutions 

(1-  e2)  sin(a)  [-2e  cos(q)  ±  (1  +  e2)] 
sin(0>  =  (1-  e2)2  +  4e2  sin2  (a)  ®1) 

The  "+"  sign  must  be  taken  for  sin (B)  to  be  positive  as  is  assumed  in  the  main 

p  1  /p 

body  of  the  report.  Similarly,  substituting  sin(/?)  =  [l  -  cos  (/?)]  in  Eq.  (26) 
gives  a  quadratic  equation  for  cos{/3 )  with  the  solution 

cos(p)  -  2e  <  l--e\  s„in2<0t  W  e2)2-£g?i«  > -  (B2) 

(1-e  V  +  4e2  sin  (a) 

corresponding  to  the  "+"  solution  in  Eq.  (Bl),  The  ratio  of  Eq.  (Bl)  and  Eq. 

(B2)  then  yields 

tan(/?)  - 


p  p 

(1-e  )  sin(a)  [i  +e  -  2e  cos(q)] _ 

[(1  +e  )  cos(ct)  +  2e]  [1  +  e  -2e  cos(a)] 


(1  -  e2)  sin(a) 


*•;  -  V 

-v.v.  ■ 

#  •;»  V 
>Vv“» 


Appendix  C 

Derivation  of  Eq.  (29) 


Using  the  half-angle  formula 


ft' 


sin(x) 

1  +  cos(x) 


Eq.  (29)  is  equivalent  to 

sin(d)  -  sin(j8)  -  e  sin(a +/?)  -  e[sin(a)  +  sin(/J)3  +  sin(a  -^)  =  0 


Adding  Eqs.  (26)  and  (28)  gives 


e  [sin(d)  +  sin(/?)]  -  sin(0t-/3)  =  0 


while  subtracting  Eq.  (28)  from  Eq.  (26)  yields 


sin(d)  -  sin(y8)  -  e  sin(a  +/3)  =0 


and  so  Eq.  (Cl)  is  satisfied. 


•  *  •  •  » 
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Appendix  0 


Derivation  of  Eqs.  (26)  and  (28)  From  Dragone's 
Construction  of  the  Feed  Axis 


Dragone  has  given  a  simple  method  of  determining  the  orientation  of  the 
feed  axis  of  a  multi- confocal  reflector  system  consisting  of  ellipsoids,  hyper¬ 
boloids,  and  paraboloids,  so  as  to  ensure  circular  symmetry  and  zero  cross¬ 
polarization  of  the  antenna  far  field.  Applied  to  the  dual  reflector  systems  we 
consider  in  this  report,  the  feed  axis  orientation  is  determined  by  the  point  of 
intersection,  I,  of  the  paraboloid  axis  with  the  parent  subreflector  surface  (see 
Figures  D1  and  D2.)  This  construction  guarantees  that  the  ray  from  the  feed 
phase  center  at  in  the  direction  of  the  feed  axis  is  unchanged  in  direction 
after  four  successive  reflections,  the  first  from  the  subreflector,  the  second 
from  the  paraboloid,  the  third  from  infinity  coinciding  with  the  paraboloid  axis 
(regarding  the  paraboloid  as  an  ellipsoid  with  its  second  focus  at  infinity),  and 
the  fourth  from  the  parent  subreflector  surface. 

First,  considering  the  Cassegrainian  system  and  referring  to  Figure  3a, 

.  (c/e)(e2-l) 
e  cos(a)  +1 

„  =  (c  /e)(e2  -  1) 


e  cos(j3 )  -  1 


Applying  the  Law  of  Sines  to  the  triangle  FqF^I  we  have  (remembering  that  a  is 
taken  to  be  negative  for  the  Cassegrain  system). 


sin(-a)  _  sin[jr-  (-a  +/?)] 

-f  ( e2-  1)  2e 

e  cosifj)  -  1 


Figure  Dl.  Geometric  Construction  of  Feed  Axis  for  Cassegrainian  System 


whereupon  we  obtain 

2e  sin(a)  -  e2  sin(a+/?)  -  sin(a-/?)  =  0 
A  second  Law  of  Sines  relation  for  the  same  triangle  gives 


sin(/3) 


I  (e2-l) 


j^e  cost  a)  +1 
and  hence 


sin[7r-  (-a  +/?)] 


2c 


2e  sin(/J)  +  e2  sin(<*+/9)  -  sin(a  -/?)  =  0 


(26) 


(28) 


PARABOLOID 


Figure  D2.  Geometric  Construction  of  Feed  Axis  for  Gregorian  System 


[The  third  Law  of  Sines  relation  gives  the  equation 
sin(a)  -  sin(0)  =  e  sin<a  +  0 ) 

Eq.  (C2).] 

For  the  Gregorian  system,  referring  to  Figure  3B 

r  __  <c/e)(l  -  e2) 

1  1  +  e  cos(a  ) 

r  =  <c/e>(  1  -  e2) 

^  1  -  e  cos(  0  ) 

Again  applying  the  Law  of  Sines  to  triangle  FqFj  I,  we  have 

sin(q  -  0) 

2c 


from  which  Eq.  (26)  is  readily  obtained,  and 


sin  (IT  -  a) 


1  -  e  cos  (0  )J 


s 
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